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In a recent paper George E. Andrews introduced the idea of generalized 
Frobenius partitions. In his paper Andrews showed that c&,,(n), the number of 
generalized Frobenius partitions of n with m colors, satisfies the congruence 
(mod p2) if pin 
(mod p2) if pin, 
where p is a prime, using a purely combinatorial argument. In this paper we will 
show bow this congruence when viewed in a slightly different form can be extended 
to c(,(n) for all positive values of m. 0 1987 Academic Press, Inc. 
In a recent paper [ 1 ] Andrews introduced the idea of generalized 
Frobenius partitions. A generalized Frobenius partition, F-partition for 
short, of a positive integer n is a two-rowed array of nonnegative integers 
~,...a, 
b, -.a 6,’ 
where the entries in each row are arranged in nonincreasing order and 
n = Cf=i (ai+ bi). In his paper Andrews considered several classes of 
F-partitions by placing further conditions on the entries in each row and 
indicated how they were closely related to elliptic theta functions. He also 
highlighted some of the arithmetic properties of these combinatorial 
objects. One of the congruences stated and proved by Andrews will be the 
main focus of this paper. 
* A portion of this paper was included in the author’s doctoral thesis at Pennsylvania State 
University. 
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We begin by describing the two classes of F-partitions with which we will 
be working. The first class is the number of Erpatitions of n with m colors, 
denoted by cb,,,(n). This class includes all arrays of the above form, where 
the entries in each row are distinct and are taken from m distinct copies of 
the nonnegative integers. It is convenient to think of the m copies of the 
nonnegative integers as being distinguished by color. The m copies of the 
nonnegative integers are ordered as follows: xi < vj if x < y or if x = y and 
i < j, where i and j indicate the copy of the nonnegative integers. For exam- 
ple, the F-partitions of 2 with 2 colors are 
1, 1, 12 12 0, 0, 02 02 020, 
0,’ 0,’ 0,’ 0,’ 1,’ 1,’ 1,’ 1,’ o*o; 
The second class (being introduced in this paper) is the number of F-par- 
titions of n with m colors allowing repetitions, denoted by kq5,Jn). The only 
variation from the first class is that the restriction that the entries in each 
row are distinct is removed. In addition to the F-partitions of 2 with 2 
colors listed above, the F-partitions of 2 with 2 colors allowing repetitions 
include 
Andrews showed that for p, a prime, cd,(n) ~0 (mod p*) if pjn and 
cd,(n) E cd,(n/p) (mod p*) if pin. In this paper we state this congruence in 
a slightly different way and show that it can be extended to include all 
positive values of m. Specifically, we will show that &Cm,n) p(d) 
4m,dW) = ( 0 mod m*). We will also show that &(m,n) p(d) kd,+,(n/d) 
satisfies the same congruence for all positive values of m. 
THE CONGRUENCES MOD m 
As a starting point, we will first show that our congruences hold modulo 
m. This is relatively easy to verify and in fact will serve as a foundation on 
which we will base our results modulo m*. 
First note that if dl (m, n) then the F-partitions enumerated by cqj,,dn/d) 
(k#,,&~n/d)) can be viewed as F-partitions of n with m colors without 
(with) repetitions in the following way: repeat each entry d times and 
increment the color by m/d each time. For example 
11 
0, 
33 
as an F-partition of 2 with 2 colors becomes 
13 11 
04 02 
as an F-partition of 4 with 4 colors. Similarly 
11 1, 0, 
02 01 01 
as an F-partition of 5 with 3 colors becomes 
as an F-partition of 10 with 6 colors with repetitions. 
In this way it is easy to see that the F-partitions of n with m colors 
without (with) repetitions enumerated by cd&n/d) (kb,,An/d)) have 
order dividing m/d under cyclic permutation of the m colors. Thus a simple 
inclusion/exclusion argument shows that Cdl(m,n) Ad) ch&+4 
(C dl(m,n) Ad) bL,AW) enumerates the F-partitions of n with m colors 
without (with) repetitions whose order is m under cyclic permutation of the 
m colors. Hence this sum is divisible by m-we can divide the set of 
elements it counts into equivalence classes each containing m elements. 
INTERMEDIATE RESULTS 
Define u(r, s, t) to be the number of sequences of zeros and ones of 
length r containing s ones whose order under cyclic permutation is t. 
Define b(r, s, t) to be the number of compositions of s into exactly r 
positive parts whose order under cyclic permutation is t. When t = r we will 
simply write c1(r, s) and b(r, s). 
Properties of u(r, s) 
(1) For d a positive integer a(r, s) = a(rd, sd, r). 
(2) a(r,s)=u(r,r-s). 
(3) 4r, s)= CW.~) Ad). 
(4) u(r, s) = 0 (mod(r(r, SIP)) 
ifr=s-2rO(mod4) 
0 (mod r(r, s)) otherwise. 
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(5) If r = s - 2 = 0 (mod 4), then (l/r) a(r, s) E 0 (mod 2) if and only 
if (2/r) a(r/2, s/2) E 0 (mod 2). 
Properties of b(r, s) 
(1) For d a positive integer b(r, s) = b(rd, sd, r). 
(2) b(r, s) = CdJcr,sj P(W$I !I. 
(3) b(r, s) = (r/s) 6 r). 
(4) b(r, s) E 
0 (mod (r(r, 3)/2)) if s-r-2=0 (mod4) 
0 (mod r(r, s)) otherwise. 
(5) Ifs=r-2rO(mod4), then(l/r)b(r,s)=O(mod2)ifandonly 
if (2/r) b(r/2, s/2) - 0 (mod 2). 
The first two properties for a(r, s) are obvious and the third follows by 
observing that ($) is the number of sequences of length r containing s ones 
whose order under cyclic permutation divides r/d. 
The fourth property is a generalization of a result of Witt [3] and its 
proof is based on an easy proof of Witt’s formula by Carlitz [2]. We begin 
by noting that it is sufficient to show that 
where (m,p)=(n,p)= 1, /?=min(t,j}, and c=O unless p=2, t>2, and 
j= 1 in which case c = - 1. It is not hard to show, using induction on t, 
that 
(1 +x)“‘=(l +XqJ+l+p’zo+pf+‘+c~l +p’+2C*+ ... +p*~-%&, 
where Z, denotes a sum of terms of the form X’ with (p’, r) =p”. Now con- 
sidering (m, p) = 1 it is easy to show that 
(l+x)m~‘=(l+x~)m~‘-‘+p’&+p~+‘+=~l+ ... +p*rc, 
and our result follows immediately from this. 
The proof of the fifth property is based on the following lemma. 
LEMMA. If 2’, t B 2, is the highest power of 2 dividing m and n/2 is odd, 
then (:)+ ($)=O (mod 2’+‘). 
This lemma follows immediately from the fact that if t > 2 and 
(j 2)= 1 then (1 -x)~~‘=(~-x*)~*‘-‘+~*L’~+~~+‘Z + ... +2*‘C 9 2 1 I’ 
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We begin our proof of property five by showing that 
where m and n satisfy the hypothesis of our lemma and then we will use 
our lemma to show that this quantity is even. 
We now rewrite 
since in this last sum d is odd. Using our lemma we see that the expression 
in brackets is divisible by 2’+’ and since 2’ is the highest power of 2 
dividing rn. this quantity must be even. 
Thus we have 
is even. Since din this last sum is odd, m/d and n/d satisfy the hypothesis of 
property five. Hence we can proceed by induction on the size of m and n so 
that the expression in brackets will be even for d > 1 and since the whole 
sum is even we must have the expression in brackets is even when d= 1. 
This is equivalent to property five. 
The first property for b(r, s) is obvious and the second follows by observ- 
ing that (;$I f ) is the number of compositions of s into exactly r positive 
parts whose order under cyclic permutation divides r/d. The other proper- 
ties for b(r, s) follow immediately from the properties for a(r, s). 
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THE CONGRUENCES MOD m2 
To extend the divisibility to m2, we begin by considering an arbitrary 
F-partition of n, say 
~,~~~1,~~~A.,*~~~, 
81 . . . Dl . * * Pt.. . B, 
where li appears fi > 0 times and jIj appears f, +j > 0 times. We note that 
fi + ... +L=L+*+ ... +fs+r since the lines of the array are of equal 
length. We will now count the number of ways of coloring this F-partition 
using m colors so that its order is m under cyclic permutation of the m 
colors. 
It is easy to see that the number of ways of coloring this F-partition 
using m colors without repetitions is 
Furthermore, a simple inclusion/exclusion argument shows that 
withg=(f,,...,L+,, m) counts the number of ways of coloring this F-par- 
tition using m colors without repetitions so that its order is m under cyclic 
permutation of the m colors. 
Similarly, we see that the number of ways of coloring this F-partition 
using m colors allowing repetitions is 
and 
enumerates the number of ways of coloring this F-partition using m colors 
with repetitions so that its order is m under cyclic permutation of the m 
colors. 
The order of each coloring under cyclic permutation of the m colors is 
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determined by the least common multiple of the orders of the colorings of 
the individual groups of numbers. In other words, 
and 
where the second sums are over all sets of positive integers {d,, d,,..., d,, *} 
such that di divides both m and fi and Icm(m/d,, m/d,,..., m/d,+,) = m. 
Here ah, fi, m/d,) (4 m, m +fi, m/d,)) is the number of ways of coloring 
the ith group of numbers using m colors without (with) repetitions such 
that the order of the coloring is m/d, and, of course, a careful examination 
shows that it is the same as the notation introduced earlier. 
Thus 
and 
Now we fix {d I ,..., d, + ,} and consider the prime factorization of m. Let p’ 
be the highest power of an odd prime dividing m. We will show that p*’ 
divides nfzi u(m/di, fJdi) and n:Zi b(m/d,, (m +fi)/di). 
Since lcm(m/d,,..., m/d,+ ,) = m, there exists dj such that p does not divide 
dj. Let p“, a 2 0, be the highest power of p which divides 
(d, >***> dj- 17 dj+ 1 ,***y d, + ,). Then p” divides fi since p” divides all fi, i # j, 
and ,fi + ... +f, = f,, 1 + ... +fs+t. Furthermore p” divides h/dj since 
p does not divide dj. Also peea divides some m/di, i# j. Thus we have 
P p+a divides u(m/dj,fi/4) and b(m/dj, (m +f,)/4) and peea divides 
ni+j a(m/di, fi/di) and ni+j b(m/di, (m +fi)/di). Hence Pan divides 
n;:: u(m/d,, fi/dJ and n;L; b(m/di, (m +fi)/di). We can repeat this same 
argument for any odd prime dividing m; so, if m is odd we have the desired 
result. Next we consider what happens if m is even. 
Suppose 2’, e 3 1, divides m and 2 does not divide dj. The same 
argument shows that 2*’ divides n;t: u(m/di, fi/di) unless e > 2, a = 1, and 
fj/2dj is odd. Similarly we have 22’ divides n;z: b(m/d,, (m +fi)/di) unless 
e = 1, a = 1, and 2 exactly divides f.. 
Now we will concentrate on n;z; u(m/d,, fi/di) with e 2 2, a = 1, and 
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jj/2dj odd. If 2’ + r divides a(m/dj, jJdj), then we will have the needed factor 
of 2; so we assume (l/2’) a(m/dj, J;/dj) is odd. Since a = 1, there exists dk 
among { 4 ,..., dj- 1, dj+ I,..., 4 + ,> such that d,J2 is odd. In fact we can 
assume dk is unique; otherwise, we have the desired factor of 2. Also if 2’ 
divides a(m/d,, fk/dk), we again have the factor of 2 we need; so we assume 
(Wpl) 4m14,fkldk) is odd and note that fkldk is odd, 
The set {d;,..., di,,}, where d,! = di, i # j, k, dj = 2d,, and d;, = d,/2, is 
among the set of dls over which we are summing and we have 
and 
are odd by property 5 for a(r, s). Hence 
is divisible by 22’. 
Similarly if 4 divides b(m/dj, (m +f,)/d,), then we will have the needed 
factor of 2; so we assume (l/2) b(m/dj, (m +f,)/d,) is odd. Now let 
{h, ,.-., frzu}, i, < i2 < . . f < i2u, be the set off.‘s such that 2 exactly divides 
fi. The cardinality of this set is even since fi + .. * + f, =f,+ , + . . . +f,+ t 
and in the situation we are considering all of the f;s are even. Suppose 
fi = f;,. Consider b(m/d,., (m +fi,.)/di,.), where 
r’ = r+l 
if r is odd 
r-l if r is even’ 
If b(m/d,,., (m +fi,.)/d,.) is even, we have the needed factor of 2; so we 
assume b(m/d,,, (m +&)/di,,) is odd. 
The set (d’, ,..., dl+ ,}, where di = di, i # j, i,. , di = 2dj, and di,, = d,./2, is 
among the set of dis over which we are summing and we have 
b(m/dj, (m +f,)/di) and $b(m/q,., (m +fi,.)/d:;.) are odd by property 5 for 
b(r, s). Hence 
is divisible by 4. 
Noting that the pairing of sets as defined above is a well-defined 
operation we can therefore conclude that 
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where the sums are over all sets of positive integers {&,..., d,,,} such that 
di divides both m and fi and lcm(m/d,,..., m/d,+ ,) = m, are congruent to 
zero modulo m2, which is the desired result. 
REFERENCES 
1. G. E. ANDREWS, “Generalized Frobenius Partitions,” Memoirs of the American 
Mathematical Society, Vol. 301, Providence, RI, May 1984. 
2. L. CARLITZ, Note on a Formula of Witt, Reo. Mat. Hisp-Amer. (4) 26 (1966), 111-113. 
3. W. E. W~rr, True Darstellung Liescher Ringe, J. Reine Angew. Math. 177 (1937), 152-160. 
